This is a sequel to the paper [3] , in which we introduced Drinfeld modular polynomials of higher rank, using an analytic construction. These polynomials relate the isomorphism invariants of Drinfeld F q [T ]-modules of rank r ≥ 2 linked by isogenies of a specified type. In the current paper, we give an algebraic construction of greater generality, and prove a generalization of the Kronecker congruences relations, which describe what happens when modular polynomials associated to P -isogenies are reduced modulo a prime P . We also correct an error in [3] .
Isomorphism invariants
Denote by F q the finite field of q elements. Let A = F q [T ] and r ∈ N. Let g 1 , . . . , g r−1 be algebraically independent over k = F q (T ), and let B = (A⊗F q r )[g 1 , . . . , g r−1 ] = F q r [T, g 1 , . . . , g r−1 ]. Denote by τ : x → x q the q-Frobenius, and for any ring R we denote by R{τ } the ring of twisted polynomials in τ with coefficients in R, subject to the commutation relations τ a = a q τ for all a ∈ R.
Let ϕ : A → B{τ } be the Drinfeld A-module of rank r determined by ϕ T = T + g 1 τ + · · · + g r−1 τ r−1 + τ r .
We think of ϕ as the monic generic Drinfeld A-module of rank r. A general reference for Drinfeld modules is [4, §4] . The group F * q r acts on B via λ * g i = λ q i −1 g i , i = 1, 2, . . . , r − 1, and we denote by C = B F * q r the ring of invariants. Then C is the ring of isomorphism invariants of rank r Drinfeld A-modules in the following sense. Proposition 1.1 For every algebraically closed field L with A ⊂ L there is a canonical bijection between the isomorphism classes of rank r Drinfeld A-modules with coefficients in L, and the L-rational points of Spec C over Spec k.
Proof. The L rational points of Spec C over Spec k correspond to A-algebra homomorphisms m : C → L.
Let ψ : A → L{τ } be a Drinfeld module over the algebraically closed field L, then up to isomorphism we may assume that it is monic, i.e. that
We associate to ψ the A-algebra homomorphism
Let ι : C ֒→ B be the inclusion, then the L-rational point on Spec C
∈ C, we can extend m to B by defining m(g i ) to be a chosen (q r − 1)th root of m(g
Each homomorphism m : B → L yields a Drinfeld module ψ with
Now let ψ andψ be two Drinfeld modules such that m ψ • ι = mψ • ι. We have to show that ψ andψ are isomorphic over L. Suppose that ψ andψ are not isomorphic, then for each λ ∈ F * q r , there is a g λ ∈ {g 1 , g 2 . . . , g r−1 } for which m ψ (λ * g λ ) = mψ(g λ ). We consider the function f ∈ B ⊗ L defined by
.
We evaluate mψ(f ) = 0 and m ψ (µ * f ) = 1 for each µ ∈ F * q r . This yields
a contradiction, which proves the proposition. Any rank r Drinfeld A-module over an algebraically closed field L is isomorphic to a monic Drinfeld module given by
Let J ∈ C, and denote by J(ψ) ∈ L the result of specialising (g 1 , g 2 , . . . , g r−1 ) = (a 1 , a 2 , . . . , a r−1 ). Then Proposition 1.1 says that two Drinfeld modules ψ andψ are isomorphic over an algebraically closed field if and only if J(ψ) = J(ψ) for every J ∈ C (see also [5] ). is the usual j-invariant of ϕ. In general, the ring C is a finitely generated A-algebra, and an explicit set of generators is constructed in [5] . This means that one needs a finite set of invariants in order to determine whether or not any two Drinfeld modules are isomorphic. For a given finite set of Drinfeld modules, however, one can find a single invariant to distinguish between them. Proposition 1.3 Let S be a finite set of rank r Drinfeld A-modules. Then there exists J ∈ C such that J distinguishes S, i.e. J(ϕ 1 ) = J(ϕ 2 ) for all ϕ 1 = ϕ 2 ∈ S. Moreover, J may be chosen as an A-linear combination of any given set of generators of C.
Proof. We use induction on n := |S|. The result is clearly true for n ≤ 2. Let n ≥ 3, and suppose that the statement is true for n − 1. Pick ϕ 1 ∈ S and let S 1 := S {ϕ 1 }. By the induction hypothesis, there exists J 1 ∈ C which distinguishes S 1 . If J 1 distinguishes S then we're done. If not, then there exists ϕ 2 ∈ S such that J 1 (ϕ 1 ) = J 2 (ϕ 2 ), and moreover {ϕ 1 , ϕ 2 } is the only pair in S on which J 1 takes the same value.
Pick J 2 ∈ C which distinguishes {ϕ 1 , ϕ 2 }, and consider J a := J 1 + aJ 2 for all a ∈ A. If J a distinguishes S for some a ∈ A, then we're done. If not, then there exists a pair ψ 1 , ψ 2 ∈ S for which J a (ψ 1 ) = J a (ψ 2 ) for at least two distinct values of a ∈ A. From this, we easily deduce that J 1 (ψ 1 ) = J 1 (ψ 2 ), which forces {ψ 1 , ψ 2 } = {ϕ 1 , ϕ 2 }, and J 2 (ψ 1 ) = J 2 (ψ 2 ), which is a contradiction.
Isogenies and modular polynomials
Let N ∈ A be monic, then ϕ N applied to a variable X defines an F q -linear polynomial ϕ N (X) ∈ B[X] which is monic and separable over B of degree q r deg N . Let K = Quot(B) = F q r (T, g 1 , . . . , g r−1 ), denote by K N the splitting field of ϕ N (X) over K, and let R N be the integral closure of
Let Gal(K sep /K) be the absolute Galois group of K, which acts on ϕ[N ], and since this action respects the A-module structure induced by ϕ, we obtain a Galois representation
which is shown in [2] to be surjective. Let f be an isogeny from ϕ to another Drinfeld module ϕ (f ) . This means that
, so if we replace ϕ (f ) by an isomorphic Drinfeld module, we may assume that f d = 1, i.e. f is monic. In this case, there exists a monic N ∈ A such that ker f ⊂ ϕ[N ], and so f ∈ R N {τ }. Now comparing the coefficients of the highest powers of τ in (1) shows that ϕ (f )
T ∈ R N {τ } is also monic. For any invariant J ∈ C we find that J(ϕ (f ) ) ∈ R N . Denote by I N the set of all monic isogenies f ∈ R N {τ } with ker f ⊂ ϕ[N ], as above. Definition 2.1 Let J ∈ C be an invariant. We call
the full modular polynomial of level N associated to J.
Proof. Gal(K sep /K) permutes the roots of Φ J,N (X), so we get Φ J,N (X) ∈ B[X]. To show that the coefficients actually lie in C, we show that they are invariant under the action of F * q r on B.
Let λ ∈ F * q r , and consider the polynomial λ * Φ J,N (X) ∈ B[X], where we have applied λ to each coefficient of Φ J,N (X). This is the full modular polynomial corresponding to the Drinfeld module λ −1 ϕλ, which is isomorphic to ϕ. Its roots are the J-invariants of the isogenous Drinfeld modules (λ −1 ϕλ) (f ) , where f ranges over all isogenies with ker f ⊂ (λ −1 ϕλ)[N ], but these are isomorphic to the ϕ (f ) with f ∈ I N , and hence have the same J-invariants. Thus λ * Φ J,N (X) = Φ J,N (X) and the result follows. Let J ∈ C be an invariant. Then we call
the modular polynomial of type H associated to J.
Proposition 2.4 Let H ⊂ ϕ[N ]
be an A-submodule, and let J ∈ C be an invariant that distinguishes the Drinfeld modules {ϕ (f ) | f of type H}. Then Φ J,H (X) ∈ C[X] and is irreducible over K.
Proof. By construction, Φ J,H (X) ∈ R N [X], but the same argument as in the proof of Proposition 2.2 shows that in fact Φ
The condition on J ensures a one-to-one correspondence between the roots of Φ J,H (X) and {ϕ (f ) | f of type H}. From the surjectivity of the Galois representation ρ N , we see that the Gal(K sep /K)-orbits of the Drinfeld modules {ϕ (f ) | f ∈ I N } correspond to GL r (A/N A)-orbits of submodules of ϕ[N ]. In particular, Φ J,H (X) corresponds to one Gal(K sep /K)-orbit of the roots of the full modular polynomial Φ J,N (X), hence it is irreducible over K.
Alternatively, one can extend the analytic construction in [3] and interpret the roots J(ϕ (f ) ) of Φ J,H (X) as functions on Drinfeld's period domain Ω r . The action of GL r (A) on Ω r then induces a transitive action of GL r (A/N A) on the roots of Φ J,H (X), and irreducibility follows. 3 Correction to [3] In [3] we gave an analytic construction of modular polynomials of type (A/N A) r−1 . These polynomials also classify incoming isogenies ϕ ′ → ϕ with kernels isomorphic to A/N A, whereas the point of view of the present article is to classify modular polynomials by the kernels of the dual, outgoing isogenies f : ϕ → ϕ ′ , which explains the shift in terminology from type A/N A to type (A/N A) r−1 . Theorem 1.1 of [3] claims that the polynomials Φ J,(A/N A) r−1 (X) are irreducible, but this is only true if J ∈ C distinguishes the set of Drinfeld modules {ϕ (f ) | f of type (A/N A) r−1 }, i.e. when Φ J,(A/N A) r−1 (X) has distinct roots. Such invariants J ∈ C always exist, by Proposition 1.3.
Reduction mod P and Kronecker congruence relations
In this section, we let N = P ∈ A be a monic prime, and we study the reduction of modular polynomials modulo P . When we reduce polynomials in R P [X], then we are actually reducing modulo a chosen prime of R P extending P , but we will still write mod P for ease of notation.
Define F P := A/P A. We start with the following unsurprising result, which says that the generic Drinfeld module ϕ has ordinary reduction at P . Proposition 4.1 ϕ P ≡φ P · τ deg(P ) mod P , whereφ P ∈ (B ⊗ A F P ){τ } is not divisible by τ .
Proof.
Denote byφ : A → (B ⊗ A F P ){τ } the reduction of ϕ modulo P . We haveφ[P ] ∼ = (A/P A) r−h , where h is the height ofφ (see [4, §4.5] ). The linear term of ϕ P is P , soφ P is divisible by τ and thus h ≥ 1. On the other hand, the field K P generated by ϕ[P ] over K has transcendence degree r over F q . Reduction modulo P introduces only one new algebraic relation, so the elements ofφ[P ] must generate a field of transcendence degree r − 1 over F q , and in particularφ[P ] must contain r − 1 F P -linearly independent elements. It follows that h = 1, which proves the proposition.
Choose a set w 1 , w 2 , . . . , w r ∈ R P of generators of the A-module ϕ[P ]. The elements of ϕ[P ] are explicitly given by
By Proposition 4.1 we may assume that exactly one of these generators, say w r , vanishes modulo P . Proposition 4.2 Let w ∈ ϕ[P ] be divisible by a prime of R P above P . Consider the polynomial
is independent of the choice of w.
2. The only non-zero coefficients of F (X) belong to exponents of the form q n , so we may write F ∈ R P {τ }.
is an isogeny of type A/P A.
4. F ≡ τ deg P mod P and
where we have written |P | := q deg P = |F P |.
Proof. By construction, the roots of F (X) are the |P | elements of ϕ[P ] which vanish modulo P . Since this is an F q -vector space, F is F q -linear and hence (2) holds. Then the rest is clear.
Definition 4.3
The isogeny F ∈ R P {τ } constructed above is called the P -Frobenius isogeny.
Let 1 ≤ s < r. The isogenies of type (A/P A) s correspond to the s-dimensional subspaces of ϕ[P ] ∼ = F r P . These in turn correspond to the s × r matrices with entries in F P in reduced row-echelon form with a leading 1 in each row; the rows of such a matrix form a basis of the corresponding subspace. To such a matrix (m ij ) we associate The corresponding isogeny is given by
and its kernel is generated by η 1 , η 2 , . . . , η s .
Proposition 4.4
The reduction of f m (X) modulo P is separable if and only if m sr is not the leading 1 of the last row of the corresponding matrix m.
Proof. Since ϕ a (w r ) vanishes modulo P , we see that the reduction of f m (X) modulo P is divisible by X |P | if and only if m si = 0 for all i = 1, 2, . . . , r − 1. The result follows. We are now ready to prove our main result.
Theorem 4.6 (Kronecker Congruence Relations) Let P ∈ A be a monic prime, J ∈ C and 1 ≤ s < r. Then
